CHROMATIC NUMBERS OF GRAPHS - LARGE GAPS
ASSAF RINOT

ABSTRACT. We say that a graph G is (Xg, k)-chromatic if Chr(G) = &,
while Chr(G’) < Xy for any subgraph G’ of G of size < |G].

The main result of this paper reads as follows. If O, + CH, holds
for a given uncountable cardinal A, then for every cardinal x < )\, there
exists an (N, )-chromatic graph of size AT.

We also study (R, AT)-chromatic graphs of size A™. In particular, it
is proved that if 0% does not exist, then for every singular strong limit
cardinal \, there exists an (N, AT)-chromatic graph of size A™.

1. INTRODUCTION

1.1. Background. A graph G is a pair (V, E), where E C [V]? = {{x,y} |
z,y € V & x # y}. The chromatic number of G, denoted Chr(G), is the
least cardinal s such that V' is the union of k many F-independent sets.
Equivalently, Chr(G) is the least cardinal x, for which there exists a coloring
X : V — k that satisfies x(x) # x(y) whenever xEy.

Motiwvating Questions. Given a graph G of chromatic number > k, what can
be said about the chromatic number of its subgraphs? can we expect to find
a subgraph of chromatic number precisely 7 and if so, can we moreover
find one whose size is k7

These questions were first considered in the 50’s by de Bruijn and Erdos
2], though only in the case k < w. For an uncountable k, these questions
were re-raised by Erdos and Hajnal [3] in the 60’s, and by Galvin [6] in the
70’s. To mention a few results in this vein:

e (Erdos-Hajnal, [4]) if 2% = Ny, then there exists an (Rg, Ny )-chromatic
graph of size No;

e (Komjath, [7]) it is consistent with 2% = N3 that there exists an
(Ng, Ny)-chromatic graph of size No;

e (Baumgartner, [1]) it is consistent with GCH that there exists an
(Ng, Ny)-chromatic graph of size No;
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e (Foreman-Laver, [5]) relative to a large cardinal hypothesis, it is
consistent with GCH that there does not exist an (X, Ny)-chromatic
graph of size N,.!
As for graphs of size > N3, let us mention the following:

e (Komjath, [7]) it is consistent with 2% =X, ,; that there exists an
(Ng, 8y )-chromatic graph of size R, ;

e (Shelah, [13]) it is consistent with GCH that there exists an (Rg, 8y )-
chromatic graph of size R, ;

e (Soukup, [14]) for any aleph &, it is consistent that 2% > k, and
there exists an (Rg, (2%)*)-chromatic graph of size (2%)*;

e (Shelah, [13]) if V' = L, then (GCH holds, and) for every regular
non-weakly compact cardinal A, there exists an (N, A\)-chromatic
graph of size \.2

More recent works include: (1) a ZFC theorem of Todorcevi¢ [15] that
there exists a graph of size 2% of uncountable chromatic number, that has
no subgraph of size X; whose chromatic number is Ny, (2) a systemic study
due to Komjéath [8] of the spectrum of chromatic numbers of all subgraphs
of a given graph, and (3) Shelah’s paper [12] in which fairly weak hypotheses
are utilized to construct (Xg, > Wy )-graphs of arbitrary large size.

1.2. Results. In this paper, we shall mostly be interested in extreme coun-
terexamples to the above-mentioned questions. We shall introduce a simple
method for defining (R, x)-chromatic graphs, and identify a property that
controls the value of k. In effect, one gets some of the known consequences
of V' = L to hold in additional scenarios. To exemplify:

Corollary 3.5. If 0° does not emist, then there exists an (No, \*)-graph of
size AT for every singular strong limit cardinal .

We now describe the simple method. Given a cardinal 6, fix a sequence
= (Cy | @ < ) in which C, is a closed and unbounded subset of «, for
all limit o < #. Then, to any set G C 6 of limit ordinals, the graph G(ﬁ)
is defined as follows:
e the set of vertices is G,
e o < in G form an edge iff & € C5 and min(C,) > sup(Cs N ).
Isn’t that simple?
It turns out that if 8 is coherent, and all the (proper) initial segments of
G are nonstationary, then G(C') is (Xg, k)-chromatic for some cardinal .

1A combination of this with the above-mentioned result of Erdés and Hajnal, reveals
that the existence of an (Rg, Ny )-chromatic graph of size Ry does not imply the existence
of an (R, Ng)-chromatic graph of size R,.

2The construction in [13] builds on a form of square-with-built-in-diamond that holds
in L, but may be killed by a cofinality-preserving set-forcing that preserves the GCH.
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Once we have that, we shall put some effort on establishing the consistency

of existence of such C'-sequences and sets G, for which the corresponding
cardinal k would be as we wish.
Now, the main result of this paper reads as follows.

Main Result. Suppose that O, holds for a given infinite cardinal \.>

o If 2% = Xt then for every cardinal k < X, there exists an (R, k)-
chromatic graph of size \*;

o If2* = X\t and )\ is a singular cardinal, then there exists an (Rg, \7)-
chromatic graph of size \*;

o if \<* = \, then in the forcing extension by adding a single Cohen
subset to X, there exists an (Ng, \T)-chromatic graph of size AT

Moreover, the coloring number of the constructed graphs would be equal to
their chromatic number.

1.3. Preliminaries. We say that a sequence (C,, | o < ) is coherent, if for
every limit ordinals § < a < A, we have C3 = C, N B iff B = sup(C, N B).
Jensen’s axiom [, asserts the existence of a coherent sequence (C, | @ <
AT) such that C, is a club in « of order-type < A, for all limit o < AT.

Given a set of ordinals C, we define acc™(C') := {a < sup(C) | sup(C' N
a) = a}, acc(C) := CNacc™(C), and nacc(C) := C'\ acc(C). We write C(7)
for the iy,-element of C| that is, the unique 5 € C such that otp(C'N ) = i.
For sets of ordinals C' and D, we write C' C D in the case that C' C D and
CnNnp=DnNgforall g eC. For functions f : « — A and g : § — B,
we write f C ¢ in the case f C g. Cohen’s notion of forcing for adding a
function g : A — 2 via initial approximations is denoted by Add(A,1). We
write CH,, for the arithmetic assertion: 2* = A*. Finally, GCH stands for
the assertion that CH, holds for every infinite cardinal \.

1.4. Organization of this paper. In Section 2, we introduce a couple
of constructions of C'-sequences, and adjacent sets G. In Section 3, we

prove that the associated graphs G(C') of G and C' from Section 2, serve
as counterexamples to the motivating questions.

Remark. Some readers may prefer to commence with reading Section 3,
gaining motivation to the results of Section 2.
2. END-SEGMENT-COHERENT SEQUENCES

In this section, we shall be concerned with coherent-type H—Sequences
that have built-in hitting features. We commence with recalling a concept
that has already been considered in the literature.

3For missing definitions, see the next subsection.
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Definition 2.1 ([10]). [, asserts the existence of a [Jy-sequence C = (Cy |
«a < A7) with the additional property that for every limit ordinal § < A,
every sequence (A; | i < 0) of cofinal subsets of AT, and every club D C AT,
there exists some av < AT with otp(C,) = 0, such that for all i < 6:

° Ca(i + ].) c Az,
o Cy(i) < < Cu(i+1) for some § € D;
e C,(0) € DA

Here, we shall work on getting | -like sequences, in which the above
restriction “0 < A7 is waived.

2.1. Singular cardinals.

Theorem 2.2. Suppose that Uy+CHy holds for a given singular cardinal X.
Then, there ezists a sequence {(cqa,Cq) | a < A1), and subset G C acc(AT),
that satisfy the following:

1) ¢q and C,, are clubs in « of order-type < X for all limit o < \F;
) if B € acc(ca), then cg = co NP and Cg = C, N B;
) if B € acc(C,), then Cg = C, N [min(Cy), B);
) ca NG =acc(Ch) NG = cay1 = Cor1 =0 for all a« < \T;
) for every sequence (A; | i < ) of cofinal subsets of AT, and every
club D C \T, there exists some o € G such that:
e for every i < A, there exists 0 € D such that C,(i) € 0 €
Co(i+1) € A;.
e min(C,) € D;
e otp(C,) = A.

(
(2
(3
(4
(5

Proof. By [10], we know that O, + CH, is equivalent to |d],. Thus, let us

fix a Oy-sequence D = (Ds | § < AT) with the additional property that for
every sequence (A; | i < ) of cofinal subsets of A*, every club C' C A*, and
every limit ordinal § < ), there exists some § < At for which otp(Ds) = 6,
and such that for all ¢ < 6:

° D5(Z + 1) S A,‘;
e Ds(i) < B < Ds(i + 1) for some g € C,
e Ds(0) € C.

For any § < AT, let 75 : otp(Ds) — Ds denote the order-preserving
bijection. Fix an increasing and continuous sequence of cardinals (\; | j <
cf(A)) that converges to A, with Ay := cf()\), and cf(A;j11) = Aj4q for all

4Strictly speaking, the requirement that C,,(0) be in D does not appear in the original
definition [10], but note that if (C, | @ < AT) is a [ x-sequence, then (C,, \ {min(Cy)} |
a < A7) would be a [ y-sequence with this additional feature.



CHROMATIC NUMBERS OF GRAPHS - LARGE GAPS 5

J < cf(A). Denote I' := {\; | j < cf(A\)}. Then, for every limit e < A, let

€, e < cf(N)
E..=<¢€ \ ()\J + ].), € € ()‘j7 >‘j+1] .
['Ne, otherwise

It is easy to see that for every limit ¢ < A\, E, is a club in €, and hence,
for every limit § < A", Dj := m5[Eoip(py)] i @ club subset of Ds. Write:
e O:={a< A" |35 <ct(N)(otp(Da) = Aj+1) };
e x(9) :=sup{a € Ds | nacc(Ds) Naw C O};
o G:={0 < A" |otp(Ds) = cf(N)};
o Ty :={0 < At | otp(Ds) < cf(N),*(0) = d};
o T1:={0 < AT | otp(Ds) < cf(A),x(d) < d};
o Th:= {6 < At | otp(Ds) > cf(N)}.
Put Cs,1 := 0 for all § < A*. Then, for every limit § < A*, let

Ds U U{D., | @ € nacc(Ds), min(D’) > sup(Ds Na)}, €Ty
Cs == Ds \ %(0), 0eT.
Dj, 0Ty

Claim 2.2.1. acc(Cs) NG =0 for all 6 < AT,

Proof. Suppose that v € acc(Cs), and let us verify that v ¢ G. As
G C Eé\fz\)’ we shall avoid trivialities and assume that cf(y) = cf()\). In
particular, we may assume that otp(Cs) > cf(\). So ¢ € Ty U Ts.

» If 6 € T, then acc(Ds) C ng(k) and nacc(Ds) € © C Eﬁif(/\), SO
v € acc(D!)) for some « € nacc(Dys). By *(0) = 6, we have otp(D,) = \j41
for some j < cf(\), and hence D!, = D, \ D4(A; + 1). Recalling that
v € acc(D,), we conclude that otp(D,) = otp(DaMry) > Aj+1 > A = cf(N).
Sov¢€@.

» If 0 € Ty, then by Cs5 = m5[Eop(p,)) and the assumption that otp(Cs) >
cf(\) = otp(I'), we infer that otp(Ds) € (\;, Aj41] for some j < cf()), and
so Dy = D5\ Ds(A; + 1). As in the previous clause, this entails that
otp(D,) > cf()), and v & G. O

Let us point out that otp(Cs) < A for all 6 < A*. Fix a limit 6 < A*. If
otp(Cs) < otp(Dy), then clearly otp(Cs) < A. If otp(Cs) > otp(Dy), then
6 € Ty and otp(Cs) = >, 4« for some subset A € © C X of order-type
< cf(A), and hence otp(Cs) < A.

Claim 2.2.2. Suppose that v € acc(Cs).

o if v € acc(Dy), then Cy = CsNy;
o if v & acc(Ds), then C, = Cs N [min(C,), 7).
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Proof. » It § € T, and otp(Ds) € (A, Aj41] for some fixed j < cf(A), then
Cs = D5 = Ds \ Ds(A\j +1). So, by v € acc(Dj) C acc(Ds), we get that
Aj+1 > otp(Ds) > otp(D,) = otp(Ds Ny) > A; +1 > cf(N). So v € T3, and
C, =D, =D, \Dy(\j+1)=DsNy\ Ds(\j+1) = DsNy=CsN.

» If 6 € T, and otp(Ds) = A; for some fixed limit j < cf()), then
Cs = m[I' N A\;] and v = 7s(A;) for some nonzero limit ¢ < j. It follows
that otp(D.,) = otp(Ds Ny) = A;, and hence v € Ty, and C, = 7, [’ N\] =
7T5[F N )\l] = Cg N Y.

» If § € T, then by v € acc(Cy), we get that v € acc(Ds) and v > %(0).
In particular, () = x(6), and C, = D, \ %(7) = (Ds \ *(6)) Ny = Cs N 7.

» If § € Ty and v € acc(Ds), then D, = Ds N+, otp(D,) < cf(N),
*(7) =, and

C, =D, UU{D, | @ € nacc(D,), min(D.) > sup(D, Na)} =
(Ds N y) UUD, | @ € nace(Ds N7y), min(D7) > sup(Ds Na)} =
N (Ds UU{DL, | @ € nacc(Ds), min(D’) > sup(Ds Na)}) = Cs N .

» If § € Ty and v € acc(Ds), put o := min(Ds \ v) and § = sup(Ds N ~).
Then 8 < v < a, a € nacc(Dys). Since (8,a] N Ds is a singleton, while
v € acc(Cys), we infer that min(D,) > § and Cs N (B, a) = DY,.

By %(d) = 0, we have otp(D,) € ©, and then C, = D, = D, \ Dy(\; +
1) for the unique j < cf(\) such that otp(D,) = Aj11. As in previous
considerations, it follows that \;11 > otp(D,) > XA; +1 > cf()\), and so
C, = D, \ D,(A\j+1) = CyN~. Recalling that Cs N (5,a) = C,, we
conclude that Cs N (5,7) = C,. In particular, C5 N [min(C,),v) =C,. O

It follows that clause (4) holds. Write cs4; := ). For all limit 6 < AT, let
es be some club in ¢ of minimal order-type, and then put

_ Jace(Cs) N Ds, sup(acc(Cs) N Ds) =6
T ){B+1]|B€Ees}, otherwise '

Clearly, ¢s is a club in ¢ of order-type < otp(Ds) < A. By Claim 2.2.1,
we know that ¢s NG = 0. If v € acc(cs), then ¢s = acc(Cs) N Ds, and
v € acc(Cs)Nace(Ds), so D, = DsNy, and by Claim 2.2.2, also C,, = CsN7.
Altogether

cs Ny =acc(Cs) N Ds Ny =acc(Cy) N D, =c,.
Thus, we have established clause (3), and are left with proving the fol-

lowing.

Claim 2.2.3. For every sequence (A; | i < A\) of cofinal subsets of A\*, and
every club D C X, there ezists some o € G such that min(Ds) € D and
for alli < \:

o Ds(i+1) € Ay

e Ds(i) < < Ds(i+ 1) for some B € D.
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Proof. Suppose that we are given a club D C A", and a sequence (4; | i <
A), as above. Let ¢ : A\ A\g = A be the order-preserving isomorphism. For

all ¢ < A, put
B, = )\+, 1< Ao ‘
Ay, otherwise

Fix j < cf()). For every club C' C A", let 5§ denote the collection of all

a < At for which otp(D,) = Aj+1, and such that for all i < \jq:
o D.(i+1)€ By
o D,(i) < < Dy(i+1) for some g € C.

Since B is a b \-sequence, Sjc is nonempty for every club C' C A*. In
particular, {Dq(cf(X)) | @ € SP} is stationary in A™. Thus, we may define
a function f; : At — AT, by letting for all 7 < A*:

fi(r) = min{a € S | Da(cf(N)) > 7}.

Put S := f;[AT]. Then S; is a cofinal subset of SP. Put E := {5 €
D | Vj < cf(N)(fj[n] € n)}. Then E is a club. Thus, appealing again
to the fact that is a [ y-sequence, let us pick some § < AT, such that
otp(Ds) = cf(N\), min(Dys) € E, and for all j < cf(A):

o Ds(j+1)€S;:
e Ds(j) <n < Ds(j+1) for some n € E.
Evidently, § € G and %(0) = 0. So § € Ty, and

Cs = Ds U U{D’a | @ € nacc(D;s), min(D.) > sup(Ds N a)}.

Fix a € nacc(Ds). Let j < cf(A) be such that @ = Ds(j + 1). Then
a € S; = fj[AT]. Let 7 < AT be such that o = f;(7), and let n € E be such
that Ds(j) <n < Ds(j + 1). Since f;[n] Cn < Ds(j + 1) = f;(7), we infer
that 7 > 1 and so by @ € © and a = f;(7), we have:

min(D!) > Dy(cf(X)) > 7 >n > Ds(j) = sup(Ds N ).

Thus, we have shown that min(D/)) > sup(DsN«) for all & € nace(Dy). In
particular, Cs = DsUJ{D’, | « € nacc(Ds)}, Ds C acc(Cs), (8,6 )ND # 0
for all 5 < " in Cs, and min(Cs) = min(Ds) € E C D.

Let {6; | 7 < cf(\)} denote the increasing enumeration of Ds. For all
j < cf(X), 0541 € S and hence otp(Ds,,,) = Aj41, and Dy, = oA\
Aj + 1]. Since (A, | j < cf())) is increasing and continuous, we infer that
Otp<05 N 5j+1) = )\j+1 for all] < Cf()\) So:

{BeCs[0<otp(CsNpB) <M} ={B€Ds [ Ao <otp(Ds, NB) <A},
and for all nonzero j < cf(\):

{ﬁ e Cs | )‘j < Otp(Cgmﬁ) < >\j+1} = {ﬁ S D5j+1 | /\j < Otp(D5j+1ﬂﬁ> < )\j+1}.
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As ©“(Ao, A1) = (0, A1) and p“(A\;, A\j+1) = (Aj, Aj41) for all nonzero j <
cf(X), we conclude that if 5 € nacc(Cs) and j < cf()) is the least such that
B < dj41, then 8 € Ds,., and otp(Cs N B) = p(otp(Ds, ., N ). So, if i < A
is such that § = Cs(i + 1), then

B =D, (07 (i +1)) = Dy, (7' (1) +1) € Bypmrgyy = Apemrn) = As,
as desired. N
0

2.2. Regular cardinals.

Theorem 2.3. Suppose that Oy holds for a given infinite cardinal X = \<*.

Then in VAYMAD  there exists a Oy-sequence (C, | o < AT), with the
property that for every sequence (A; | i < A7) of cofinal subsets of X, and
every club D C \*, there exists some o € B} such that min(C,) > min(D),
and for all v < a:

otp({8 € nacc(C,) N A; | (sup(Co N B),8)ND #£0}) = A

Proof. Denote P := Add(\,1). That is, p € P iff p € <*\. In particular
|P| = A<* = ), and hence every cofinal/stationary/club subset of A* in V¥
contains a cofinal /stationary/club subset from V', respectively. Also note
that P preserves the cardinals structure, as it is (< A)-closed.

Work in V. Let (C, | @« < AT) be a Oy-sequence. For every a < AT, let
Ta : 0tp(Cq) — C, denote the inverse collapse, and let 1, : A\ {0} — «
be an arbitrary surjection. For every function p € S*\, and every o < AT,
denote

17, :={j € dom(p) N'dom(ma) | p(j) # 0}.

For every j € 12, we write pa(j) := ¥r.(;)(P(7)). Note that p,(j) < ma(j).
Then, put

CP = {ma(j) | j € acc™ (12) }Ufmax{pa(j), 7a(sup(1217)} | j € nace(12)}.
Notice that if ¢ extends p, then CY is an end-extension of C?.

Definition 2.3.1. For every D, A € P(A1), i < A, and o < AT, let

D(D, A,i,a) :={q € P | {v € nacc(CHNA\7, (i) | (sup(CINy),v)ND # O} # 0}.

Claim 2.3.1. For every club D C A\, cofinal subset A C AT, and i < A,
there exist a club E C AT such that D(D, A, i, «) is dense for all a € EﬂE/’\\+.

Proof. Suppose that we are given D, A i as above. Put F := acc™(A) N
acc(D). Then E is a club in A*. Fix « € EN E}". Given a condition
p € P, put ¢/ := max{dom(p),i}. As sup(ANa) = sup(D Na) = a, let
J < X be the least ordinal for which there exists 6 € D and v € A such that
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Ta(i') < 0 < v < ma(j). Clearly, j is a successor ordinal. Pick & € X\ {0}
such that 9, ¢;)(k) = v, and then define ¢ : j + 1 — X as follows:

k, =7
q(l) == < p(l), 1€ dom(p).
0, otherweise

Then g € P, j € nacc(1%), sup(12Nj) = sup(12) < ¢, and hence 7, (sup(1¢N
7)) S ma(t') <6 < =1vr(j)(k) = qa(j). Soy € (nacc(Cl)NA)\ 7, (i) and
d € (sup(C2N~),v)N D. It follows that ¢ is an extension of p that belongs
to D(D, A, i, a). O

Let G C P be generic over V, and work in V[G]. Put g := (JG. Then,
define for every limit o < \*:

D R Cgv’ Sup(Cg) =
10y \sup(CY), otherwise

Note that since g is Cohen, the set {j < A | g(j) # 0} is cofinal in A, and
hence D, = CY for all a € E}".

Claim 2.3.2. (D, | a < A") is a Oy-sequence.

Proof. Fix a limit @ < A*. It is clear that D, is unbounded in «, so let
us verify that it is closed. Suppose that 5 € acc™(D,). Since C, is closed,
we may assume that D, = C9. By § € acc(CY), one of the following must
hold:

e there exists J C acct(19),
e there exists J C nacc(1Y)
Ta(sup(14,11 1)) < ga(j) < Ta(j) for all j € J;
e there exists J C nacc(1Y) such that 5 = sup{m,(sup(14 N j)) | j €
J}.

In any of the above three cases, we get that sup(J) € acc™(1%), and
B = sup(ms[J]) = ms(sup(J)) € C§ C D,.

Notice that the preceding analysis also shows that acc(D,) C acc(C,) for
all limit & < A*™. In particular, if § € acc(D,,), then Cs = C, N 3, 15 C 7,4,
1% =19, Notp(Cp), gs(j) = ga(j) for all j € 13, and CF = CI N B.

Next, let us verify coherence. Suppose that 8 € acc(D,,).

» if 5 > sup(CY), then by 8 € acc(C,), we have C3 = C, N [ and
gg %ﬁﬂ: C3. So 8 > sup(C§) and Dg = Cg\sup(Cj) = C,N B \sup(CY) =

» if 3 <sup(CY), then by 5 € acc(D,), we have D, = C9. In particular,
B € acc(CY), and hence sup(C3) = B. Altogether, Dg = Cj = CIN B =
DN B

such that 7,[J] is a cofinal subset of f3;
such that 8 = sup{g.(j) | € J}, where
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To conclude the proof, notice that for every a < AT with sup(CY) =
«, there is a naturally-arising injection from CY to C,. It follows that
otp(Dy) < A for all limit o < AT. O

Claim 2.3.3. For every club D C A" and every cofinal subset A C T,
there exists a club E(D,A) C AT such that for every a € E(D,A) N E§‘+,
we have

sup({f € nacc(Dy) N A | (sup(D,NB),5)ND #0}) = a.

Proof. Suppose that in V[G], D is a club, and A is a cofinal subset of A™.
Fix a club D’ C D together with a cofinal subset A" C A, such that D', A’
lie in V. By Claim 2.3.1, we may pick a sequence of clubs (FE; | i < A) such
that for every i < A, and every a € E;NE}", the set D(D', A’ i, o) is dense.
Put E(D,A) :== ;.\ Ei. Now, if « € E(D,A)N E}" and i < A, then we
may find some ¢; € GND(D', A')i,«r). So ¢; C g, C% C CY9 = D, and
sup{vy € nacc(C#) N A" | (sup(C¥ N~v),v) N D" # O} > 7o (7).
In particular

sup({y € nacc(D,) N A | (sup(D, N7),v) N D # 0}) = a.

For every j < A, and a < AT, let

J . Da7 Otp(-Da) S]
| {B €D, |otp(D.NpB) >3}, otherwise

o

Clearly, (DJ | « < AT) is a Oy-sequence, for all j < .

Claim 2.3.4. There exists some j < X such that for every sequence (A; |
i < A7) of cofinal subsets of A\, and every club D C AT, there exists some
o € B such that min(DJ) > min(D), and for all i < a:

otp({8 € nace(D}) N A; | (sup(D] N B), ) N D # 0}) = .
Proof. Suppose not. For all j < A, fix a counterexample (D7, (A{ | i <
AT)). Put D= (., D7. Foralli < A* and j < A, let E(D,AZ)' be the
corresponding club given by Claim 2.3.3. Write £; := (;_, E(D, A}). Pick
a € By NAjex+ E;. Then for all i < a and j < A, we have a € E(D, A])
and hence

sup({ € nacc(Dy) N A7 | (sup(Dy N B), ) N D #0}) = .

Fix 8 € D, such that f > min(D). Put j := otp(D, N B). Then

min(D?) = > min(D) > min(D’), and since D/, is a final segment of D,,
we also have for all i < a:

sup({3 € nace(D3) N A7 | (sup(DL N B), )N DI # 0}) = a
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As otp(D,) = A = cf(«), we then get:
otp({$ € nacc(D3) N A] | (sup(D5 N B), B) N DY # B}) = A,
contradicting the choice of (D7, (A7 | i < AT)). O

Let j < A be given by the previous claim. Then (DJ | a < AT) has all
the desired properties. U

2.3. Discussion. Notice that the converse of Theorem 2.2 is true, as well.
Specifically, items (1)-+(2) there entail that [J) holds, and item (5) entails
that CH,, holds. In fact, item (5) entails O(E‘?f?/\)).

For our readers who wonder whether Theorem 2.2 can be generalized to
cover the case of A\ regular, we point out that there is no hope for this, since
GCH +0, is consistent with the failure of {(E3") for a regular (countable,
or uncountable) cardinal A (see [11]). On the bright side, we mention that
an easy forcing construction shows that the powerful [,-type principles of
Theorem 2.3 may hold for a regular cardinal A, even when CH, (let alone

) fails.

3. THE ASSOCIATED GRAPHS

Recall that the coloring number of a graph G = (W, E), denoted Col(G),
is the least cardinal x such that there exists a well-ordering < of W, in
which {z € W | zEy & = <y} has size < k for all y € W. We say that
X : W — K is a chromatic coloring of (W, E) if xEy implies x(x) # x(y) for
all x,y € W.

Note that Chr(G) < Col(G), and that Chr(G) is the least cardinal  for
which there exists a chromatic coloring x : W — k.

3.1. Maximal gaps.
Theorem 3.1. Suppose that Ux+CHy holds for a singular cardinal X\. Then
there exists a graph (G, E) such that:

e Chr(G,E) = Col(G,E) = |G| = \*;

e Chr(G', E') < R for every G' € [G]**" and E' C EN[G']%.
Proof. Let {(ca,Cy) | @« < AT) and G C acc(AT) be given by Theorem 2.2.
Write C§ := {a € nacc(Cy) | min(C,) > sup(Cs N «) }, and put:

E:={{a,d} €[G]*|a€Cs}.

Claim 3.1.1. Chr(G, E) = Col(G, E) = A\*.
Proof. By |Cs| < 0 < AT for all § < AT, we have Col(G,FE) < A*. So,
it suffices to prove that Chr(G, E) > A". Let x : G — X be an arbitrary

coloring. We shall show that x is not chromatic. Fix i < A.
Put H; .= {a € G| x(a) =i}, and M; := {min(C,) | « € H;}.
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» If sup(M;) = A1, define a function f; : AT — AT by letting for all
n< AT,
fi(n) = min{a € H; | min(C,) > n}.
» If sup(M;) < AT, define a constant function f; : AT — AT by letting
for all n < AT,
fi(n) := sup(M;).
Put
rng(fi), sup(M;) = A"
Ai —- y
AT sup(M;) < AT
and
D= {8 <A\ | Vi< L8] C B).
Now, fix some § € GG such that:
e for every ¢ < A, there exists § € D and « € nacc(Cjs) such that
sup(Cs Na) € € a € A
° min(Cg) eD.
Put ¢ := x(d). Note that sup(M;) = AT, because otherwise

sup(M;) < min(D) < min(Cj),

contradicting the fact that ¢ = x(0) entails sup(M;) > min(Cj).

Fix o € nace(Cs) and 5 € D such that sup(Cs Na) € f € a € A;. By
a € A; and sup(M;) = AT, we have o € rng(f;). Fix n < A" such that
fi(n) = a. Then min(C,) > n. By fi[f] € 8 < a = fi(n), we have n > f,
and hence min(C,) > n > f > sup(Cs N «). It follows that {«,d} € E.
Recalling that a € rng(f;) C H;, we conclude that x(a) =i = x(9), which
means indeed that x is not a chromatic coloring. O

Denote G; := GNj. Then G = (U, \+ G, and Gj1 = G; whenever
JEG.
Definition 3.1.1. We say that x : G; — w 1is a suitable coloring if x is a
chromatic coloring, and x[C?] is finite for all i < sup(Gj).

Claim 3.1.2. If x : G; — w is a suitable coloring, and i < 6 < \*, then
X[C3] is finite.

Proof. Suppose not. Then, we may find a subset B C C§ N4 of order-type
w such that x [ B is injective. Put 8 := sup(B). Then € acc(Cs), and
hence Cs N (v, 5) = CzN (7, B) for some v < B. In particular, Cy N (v, ) =
C5N (v, B) some vy < 3. Since sup(B) = B and otp(B) = w, this must mean
that C§N B is infinite, and then x[Cg] is infinite, contradicting the fact that
B < sup(G;) and that x : G; — w is a suitable coloring. O

The next claim is a mixture of approaches taken in [12] and in [13].
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Claim 3.1.3. Suppose that u € [w]“. Then, for every i < j < A" with
i ¢ G, and a suitable coloring x : G; — w, there exists a suitable coloring
X' 1 G; = w extending x such that X'[G; \ G;| C u.

Proof. By induction on j < AT (for all ¢ and u).

» The case 7 = 0 is trivial. «

» if j =0+ 1 is a successor ordinal and § € G, then G; = G, and hence
it suffices to appeal to the induction hypothesis for j — 1. «

» if j = 041 is a successor ordinal, and ¢ € G, we shall do the following.
Let A := x[C3]. By Claim 3.1.2, we know that A is finite, so let us pick
some ( € u\ A. Byi < d+1andi ¢ G, we have i < §, thus, we may
appeal to the induction hypothesis with ¢ and « \ {(}, and find a suitable
coloring x* : G5 — w extending y, with x*[Gs \ G;] C u \ {¢}. Finally, by
G; = GsU{d}, let X' : G; — w be the unique extension of x* that satisfies
X'(0) = ¢.

Evidently, X'[G; \ G;] € w. By Claim 3.1.2 and the fact that x* is a
suitable coloring of G; \ {d}, to see that X’ is a suitable coloring of G, it
suffices to verify that x'(a) # x/(0) for all a with {«,0} € E. Fix o € C}.
If < i, then x'(a) € A and hence ¢/(«) # (. If a >4, then y/(«) € u\ {(},
and hence y'(a) # (. So x’ is chromatic and hence suitable. <

» if j is a limit ordinal, then we do the following. Put ¢* := min(C;\)+1.
Then i < ¢* < j, and so by the induction hypothesis, we may find a suitable
coloring x* : G;+ — w extending x such that x*[G \ G;] C u.

Put e := (¢;\i*)U{i*}. Then eisaclubin j, eNG = (), min(e) = i*, and
C, = CjNnfor all n € acc(e). Put A := x*[C]. Then A is finite, and we
may fix some ¢ € u '\ A. Next, we shall build an ascending chain of suitable
colorings {xn : Gn = w | n € e} with the property that x;'{¢} C Cf U*
and x,,[C7 \ i*] = {¢} for all n € e.

e for n = min(e), we have n = i*, so let x,, := x™;

e for n € nacc(e), let i’ := sup(e N n), and 7' :=n. Then i’ < j' < j,
and 7' € G, so by the induction hypothesis, we may pick a suitable
coloring d : Gj — w that extends x;, with d[G; \ Gi] C v\ {C}.
Then, define x,, : G,, — w by letting for all a € G,,:

Xn(Qv) = {C’ a €GP\ .

d(a)), otherwise

Evidently, x, extends xy, and x,[G, \ Gi] C u. Since d[C§] is
finite for all 5 < sup(G,), and Y, differs from d in a single color,
Xn[C] is finite for all 3 < sup(G,,), as well. Thus, to see that x, is
suitable, it suffices to verify that x,(«) # x.(8) for alla < 8 < n
with {«, 8} € E.

Towards a contradiction, assume that a < 8 < n are such that
{a, B} € E and x,(a) = xn(B). Since d is chromatic, the definition
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of x, makes it clear that x,(a) = x.(8) = ¢, and {«, 5} \ i* # 0.
Since § ¢ ¢* while x,(8) = ¢, we infer from d[G; \ G»] C v\ {¢}
and x;'{¢} C C# Ui*, that € Cf. In particular,

min(Cz) > sup(C; N f).
By {a, 5} € E, we have o € nacc(Cp) and
min(C,) > sup(Cs Na) > min(Cjp).

If @ < 7%, then a < i* < /3, and so recalling that (i* — 1) € C;, we
get that sup(C; N B) > (+* — 1) > a. If a > i*, then by x,(a) = ¢,
we infer that o € Cf, which means that {a, 3} C C;. Thus, in any
case

sup(C; N B) > a.
Altogether, we meet the following contradiction:
min(Cy) > sup(Cs Na) > min(Cy) > sup(C; N F) > a.

o for n € acc(e), let x5 = Upeorm Xk- Then x,, is chromatic as the
limit of chromatic colorings. Since x;[C5\7*] = {(} for all k € eNmn,
and C = CF Nn, we get that x,[Cr] = AU{C}. So x,[C}] is finite
for all £ < sup(G,,), and hence x,, is suitable.

Finally, put X" := (U,,c. X»n- Then X’ has all the desired properties. «
U

It follows that Chr(G;, EN[j]?) < Ny for all j < AT. In particular, (G', E)
is countably chromatic for all G’ € [G]<*" and E' C [G']* N E. O

As for (Ng, AT)-chromatic graph of size A*, for A\ regular, we have the
following.

Theorem 3.2. If \<* = X\ and Oy, holds, then in the forcing extension by
adding a single Cohen subset to X\, there exists a graph (G, E) such that:

o Chr(G, E) = Col(G, E) = |G| = \*;
e Chr(G', E) < Xy for every G' € [G]<".

Proof. To avoid trivialities, assume that A is uncountable. Work in the
forcing extension. Let (C, | a < AT) be given by Theorem 2.3. Let
G := B, Let cqyy := 0 for all @ < A\*. For every limit a < AT such
that sup(acc(Cy,)) = a, let ¢, = acc(C,). For every limit @ < AT such
that sup(acc(C,)) < a, let ¢, be some cofinal subset of « of order-type w,
consisting of successor ordinals. Now, run the proof of Theorem 3.1 using
the sequence ((cq, Cy) | @ < AT) and the set G. O
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3.2. Arbitrary gaps. Let us now deal with (X, u)-chromatic graphs of
size AT, for an arbitrary pu < \.

Theorem 3.3. Suppose that Uy + CH, holds for a given infinite cardinal
. Then, for every cardinal p < X, there exists a graph (G, E) such that:

o |G| = A*;

e Chr(G,FE) =Col(G,E) =pu

e Chr(G', E') < R for every G' € [G])' and E' C EN[G']?.

Proof. To avoid trivialities, assume that A is uncountable. Then, by [10],
O, + CH, entails (), and we may fix a sequence (C, | o < A") as in
Definition 2.1. For a cardinal 6, denote the set of all infinite regular cardinals
below 6 by Ry. That is:

Ry :={x <8 |k =cf(k) > 1}.
Given k € Ry, let:

o G, :={a <\ |otp(Cy) = k};
E. = {{a,0} € [G.)? | a € C5 & min(C,) > sup(Cs N a)}.

For every a € E‘ﬁ , pick a club e, in «, consisting of successor ordinals. For

all limit o < AT, let

acc(Cy), otp(C,) < k & sup(acc(Cy)) = «
co = acc(Cy \ Co(k)), otp(Cq) > k & sup(acc(Cy \ Cu(k))) = a
€y otherwise

Then, we have:

(1) ¢f and C, are clubs in « of order-type < A for all limit o < A™;
(2) 1fﬁ€acc( &), then ¢ =i N B and Cp = C, N G;
(3) if B € acc(C,), then Cz = C, N S;
(4) " NG, =0 for all limit v < A*;
(5) for every sequence (A; | i < k) of cofinal subsets of AT, and every
club D C A\, there exists some o € G, such that:
e for every i < k, there exists 0 € D such that C,(i) € ¢ €
Co(i+1) € A,
e min(C,) € D.
Thus, if we run the proof of Theorem 3.1 using the sequence ((c%,C,) |
a < AT) and the set G,, C acc(AT), then we see that Chr(G,, E,) > k
while Chr(G’, E') < Ry for any G’ € [G,]<*" and E' C [G']* N E,. On the
other hand, otp({av < 0 | (,0) € E,}) < otp(Cs) = & for all 6 € G, and
hence Col(G,, E,) < k™. So, altogether, Chr(G,, E;) = Col(G,, E,) = k™.
Note that so far we have established the conclusion of the theorem for
every p which is a successor infinite cardinal < \. As the case u < Ng is
straight-forward, we are left with handling the case in which p < X is a limit
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uncountable cardinal. So, suppose that p is a limit uncountable cardinal,
and put:

E" :=4{E. | s € R,}.
Claim 3.3.1. Chr(\*t, E#) = Col(A*, B*) = .

Proof. Let us first point out that any coloring x : AT — 6 with 6 < p is not
chromatic. To see this, let £ := min(R,, \ §). Since Chr(G,, E,) > k > 0,
we know that there exists {«, 0} € E; such that y(a) = x(0). As E, C E¥,
this shows that y is not chromatic for (A\*, E*).

Next, since we have already established that Chr(A™, E#) > pu, it suffices
to prove that Col(At, E#*) < p.

By definition of E#, for all 6 < AT, either {« € ¢ | {«,d} € E*} is empty,
or otp({a € 0 | {a, 8} € E*}) < otp(Cs) € R,. So in either case,

Ha€d|{a,d} € "} <p,
and hence € is a well-ordering of A" witnessing that Col(A*, E#*) < u. O
Claim 3.3.2. Chr(G’, E') < R, for every G’ € NN and E' C [G']2NE*.

Proof. Fix G’ and E' as above. For all K € R, pick a witness x,. : G.NG" —
w to the fact that Chr(G, NG', E, N E') < Xy. Then, define x : G’ — w by
letting for all a € G":

(@) = Xotp(Ca) (), otp(Ca? €R, |
0, otherwise

To see that y is a witness to Chr(G’, E') < Ny, fix {a,0} € E'. By E' C
Bt =4, g, Ex, there exists a unique x € R, such that {a,d} € E. N E".
So, {a, 0} C G, NG, and:

x(a) = xu(@) # xx(6) = x(0).

O

This completes the proof. O
3.3. Corollaries.

Corollary 3.4. Assume O,,. If CH holds, then there exists a o-closed
notion of forcing P, such that |P| = Ny, and in V¥, there exists an (Ng, Ny)-
chromatic graph of size Ns.

Proof. By Theorem 3.2, P = Add(wy, 1) works. O
Compare the preceding with the starting point of this study:

Theorem (Baumgartner, [1]). CH entails the existence of a o-closed notion
of forcing P, such that |P| = Ny, P has that Ry-c.c., and in V¥, there exists
an (Ng, Ny)-chromatic graph of size W,.
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Note that while Baumgartner’s poset P is rather complicated (indeed, a
full page of [1] is dedicated to justifying the definition of P), here P stands
for the simplest example of a o-closed notion of forcing.

Corollary 3.5. If 0° does not exist, then for every singular strong limit
cardinal X\, there exists an (R, AT)-chromatic graph of size A7.

Proof. By results of Jensen (see [9]), if 0* does not exist, then (Jy+CH, holds
for every singular strong limit cardinal A. Now, invoke Theorem 3.1. U

Compare the preceding with Theorem 8.18 of [16].
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