COMPLICATED COLORINGS
ASSAF RINOT

ABSTRACT. If \, k are regular cardinals, A > x™, and EQK admits a nonreflecting stationary
set, then Pry(\ A, A, k) holds.

1. INTRODUCTION

The theory of strong colorings was born with Sierpinski’s 1933 construction of a symmetric
function ¢ : R?\ A — 2 that does not admit an uncountable monochromatic square. For the
construction, one fixes a well-ordering <y of the reals, and contrast it with the usual ordering
<, by letting c(z,y) = 1iff (z <y & z <w y) V (y < z & y <w x). The separability of R
then implies that for every uncountable set A of reals, and every i < 2, there exist z <y y
in A such that ¢(z,y) = i.

In the 1960’s, Erdos and his school initiated a systematic study of this sort of colorings,
and introduced the following piece of notation. We say that A - [u]2 holds provided that
there exists a symmetric coloring of pairs d : [A\]?> — 6 with the property that for every
subset A of X of size u, and every color v < 6, there exist a < 8 in A such that d(a, 3) = 7.
So, Sierpiriski’s partition is a witness to 2% - [X;]3. Erdds, Hajnal and Rado proved [2]
that, assuming the Generalized Continuum Hypothesis (GCH), A* - [A*]3, holds for every
infinite cardinal . On its face, the existence of such a coloring d : [AT]> — AT that attains
all possible colors on all squares of unbounded subsets of A* appears to be the strongest
conceivable failure of Ramsey’s theorem at the level of successor cardinals. However, one
can ask for more. To see this, let us revisit Sierpinski’s example. Let R be a “rectangle”
of the form {(x,y) € I x J | x <w y}, for disjoint real intervals I and J;' then ¢ | R is a
constant function. So, while ¢ admits no monochromatic uncountable squares, it does admit
monochromatic uncountable rectangles. In contrast, the Erdos-Hajnal-Rado coloring does
attain all colors even on rectangles. Of course, this appears to come with a price: the Erdds-
Hajnal-Rado construction requires the GCH. We refer the reader to [8],[10] for a resolution
of this particular aspect, and turn now to a further finer concept:

Definition (Shelah, [12]). Pri(A, u, 0, x) asserts the existence of a coloring d : [\)*> — 0 such
that for any family A C [N]<X of size u, consisting of pairwise disjoint sets, and every color
v < 0, there exist a,b € A with sup(a) < min(b) satisfying d[a x b] = {~v}.

So, Sierpitiski’s example is a coloring satisfying Pry(2%0,R;,2,2), that fails to satisfy
Pri(2%,N;,2,3). This justifies the inclusion of the fourth parameter y. Another justifi-
cation, and, in fact, the origin of this concept, is in its effect on questions concerning chain
conditions of product of topological spaces and related objects. For example, Galvin [4]
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1By convention, for sets of ordinals A, B, one associates the “rectangle” A® B = {(«, ) € AxB | a < f}.
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proved that Pri(A, A, 2,w) entails two A-cc Boolean algebras whose product is not A-cc (see
also [14] and [9]).

Now, what about the third parameter 87 Here, we mention that, for example, Shelah
proved [16] that Pry(AT, AT, cf(N\),cf(A\)) holds for every singular cardinal A, whereas the
question of whether Pry(AT, AT, A", cf(X)) (or just Pry(AT, AT, A, 2)) holds for every singular
cardinal X is the oldest open problem of this field.

A major breakthrough by Todorcevi¢ [20] was proving that Ry - [N;]§ holds outright in
ZFC. Moreover, in the presence of a nonreflecting stationary set, Todorcevié¢’s technology
generalizes to arbitrary regular cardinals > Ny, yielding:

Theorem 1.1 (Todorcevié, [20]; see also Shelah [13]). If A > Ny is a regular cardinal that

admits a nonreflecting stationary set, then X - [N3. That is, Pri(\, A, \, x) holds for x = 2.

This raises the question whether under the same hypothesis, the above holds true also for
higher x’s?

This particular question and its variations were studied systematically by Shelah in a se-
quence of papers [11],[12],[13],[14],[15],[18],[19], and in his monograph [16]. Roughly speak-
ing, the difficulty in establishing Pri(A, A, A, x) for x > 2 is the need for some room to either
derive several oscillation functions (and then to contrast them), or to enforce repetitions that
allow to find for every family A C [A\]<X as in Definition 1, an equipotent subfamily A" C A
which is, less diverse or more tamed, in various senses. In [14], this was obtained through
the arithmetic assumption “2X < A7, and in [15], Pri(A, A, A, x) was established for y = N,
and a cardinal A that admits a nonreflecting stationary set S C A, through the requirement
that for all & € S, cf(a) is at least the double-successor of x. Later on, in [18], it was proved
that Pri(x™, x™*, x*", x) holds for every regular cardinal x.

In this paper, we eliminate the arithmetic hypothesis from [14], eliminate the “double
successor” cofinality gap requirement from [15], obtain the main results of [18][19] as a
corollary, and indeed increase x from 2 to w in Theorem 1.1 above. It is proved:

Main Result. If A\, x are reqular cardinal, X\ > x", and ng admits a nonreflecting station-
ary set, then Pri(\, A\, A, x) holds.

1.1. About the proof. In [18], Shelah introduced a coloring principle Prg(k, &, 0, x), proved
that Prg(u™t, u™, ™, ) holds for every regular cardinal p, and provided a lifting theorem:

Theorem 1.2 (Shelah, [18]). If Prg(k, K, 0, x) holds, x < k < cf(X) = A, and there ezists a
nonreflecting stationary subset of Egm then Pri(A\, A, 0, x) holds.

Unfortunately, if 0 is considerably smaller than A, it is unclear how to infer Pry(A, A, A, x)
from Pri(\ ), 0, x).2 So, for instance, it is unclear how to deduce the main result of [15]
from the above strategy. Moreover, by Ramsey’s theorem, Prg(k, x, 0, x) fails for K = Vg
and 0 > 2, so if A\ admits a nonreflecting stationary set, but every stationary subset of E2
reflects, then the above theorem does not come into play.

In this paper, we introduce a relative of Prg that overcomes these two barriers. We name
it Plg, and prove:

Theorem 1.3. If Plg(k,x) holds, x < k < cf(A) = X, and there exists a nonreflecting
stationary subset of ng, then Pri(A\, A\, A\, x) holds.

2Recall the problem mentioned earlier concerning successor of singulars.
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This time, the main result of [15] does follow as a corollary, provided that Plg(Rq, Ny)
(or Pls(Nq,Ny)) hold. But does Pls(Rg, Xg) hold? It does. In fact, it will be proved that
Pls(p™, i) holds for every regular cardinal p. Consequently:

Corollary 1.4. If A > XNy is a regular cardinal that admits a nonreflecting stationary set,
then Pri(\, A\, A\, Rg) holds.

The preceding is optimal, since Martin’s Axiom, MAy, , entails the failure of Pri(Ry, Ry, 2, R).?

1.2. Conventions. For a set a of ordinals, denote acc™(a) := {a < sup(a) | sup(ana) = a},
acc(a) := aNacct(a) and nacc(a) := a\ acc(a). For i < otp(a), we let a(i) denote the unique
ordinal & € a such that otp(aN«) = i. The length of a finite sequence o is denoted by ¢(o).

1.3. Acknowledgments. I thank M. Kojman and D. Soukup for stimulating discussions
on [18], and of course, the author of [18], S. Shelah, for serving as an endless source of
inspiration.

The results of this paper were announced in a talk in the Set Theory workshop in Oberwol-
fach, January 2014. The proofs were subsequently presented in detail through two informal
sessions; I thank J. Cummings, T. Eisworth, J. T. Moore, D. Raghavan, S. Todorcevi¢, and
B. Velickovi¢ for their comments, objections and suggestions.

I am grateful to M. Gitik for detecting an error in one of the early versions of my proof.

2. THE DECOMPOSITION PRINCIPLE P/
This section is dedicated to the study of the following notion.

Definition 2.1. P/g(k, y) asserts the existence of a coloring ¢ : <Yk — w satisfying the
following. For every sequence ((Uq, Vo, pa) | @ < k) and ¢ : kK — Kk with

(1) ¢ is eventually regressive. That is, ¢(a) < a for co-boundedly many a < k;

(2) u, and v, are nonempty elements of [<“x]<X;

(3) a € Im(n) for all n € ug;

(4) po~(a) T p for all p € v,,
there exist a < f < k with ¢(a) = ¢(8) such that ¢(n™p) = £(n) for all n € u, and p € vgs.

At a first glance, it may seem that Pfg puts an impossible task on ¢: decomposing a
concatenated sequence back into its original ingredients. Yet, the main result of this section
reads as follows.

Theorem 2.2. Pls(pu™, 1) holds for every reqular cardinal p.

Theorem 2.2 is obtained as an immediate corollary to Theorems 2.3 and 2.6 below, which
are somewhat more informative.

Theorem 2.3. Suppose that p is a reqular cardinal, and there exists a cardinal 6 < p with
29 > p. Then the following strong form of Pls(u*, u) holds. Write k == u* and I’ := E7.
There exists a coloring ¢ : <Yk — w X k X K X K, such that for every v* < Kk, a sequence
((Ua, Vs po) | € €T, and ¢ : T — K satisfying clauses (1)—(4) of Definition 2.1, there exist
a < fin I with (a) = @(B) such that c(n™p) = (¢(n), o, B,7*) for all n € uy and p € vg.

3Kunen [6], Rowbottom [5], Solovay, and others (see [3, §41M]) proved that MAy, implies that the product
of any two cec topological spaces is again ccc, while Galvin [4] proved that Pry(Ry, 81,2, Xg) entails two ccc
topological spaces X,Y for which X x Y is not ccc.
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Proof. We commence with the construction of the coloring, and then verify that this works.

The coloring. Let C = (Cs | § < k) be a sequence such that Cs is a club in § of minimal
order-type for every limit 0 < x, and such that Csy1 = {0} for all 6 < k. By [18, Claim
3.1],[18, Lemma 3.10] and the existence of § < p with 2 > 1, we may moveover require that
I T enjoys the following form of club guessing.* There exist (g5 : Cs — w | 6 € I') and
¥ k — Kk with the property that for every club D C k, and every v* < k, there exists some
§ € I with ¢(d) = v* such that sup{¢ € nacc(Cs) N D | gs(¢) =n} =6 for all n < w.
Let d : [k]* = w be a coloring that satisfies d(«, 8) = gg(min(Cs \ @) for all « € g € T
Next, given a sequence o € <“k, let

Dy :={(i,j) | i <j <o) & o(i) <o(j)},
and whenever D, # (), set
o m, := max{otp(Co;jy N (7)) | (4,7) € Ds};
o Ppi={(i,j) € Do | Otp(Cau o(i)) = mg};
o jo = min{j | 3 (i,5) € Po )
o o :=min{o(i) | 35 (i,)) € Po};
hd 60 = g(ja)'
Define ¢; : <Yk — k for ¢ < 4 so that for every o € <“x with D, # (:

® co(0) = max{0, j, — d(as, 85)};
e ¢1(0) == ag;

[ CQ(O’) = Pos

* c3(0) = ¢(6)

We claim that o — (co(0), c1(0), ca(0), c3(0)) works.

Verification. Suppose that we are given a sequence ((Uq, Va, pa) | @ € T') together with a
prescribed color v* < k, and a map ¢ : ' — k, as in the statement of the theorem. Note
that, without loss of generality, we may assume that « ¢ Im(p,) for all « € T'. Indeed, we
may assume that p, denotes the shortest possible sequence to satisfy p,~(a) T p for all
P E Vq.

Let A be a large enough regular cardinal, and let <, be a well-ordering of H,. Let
(Ms | 6 < k) be a continuous €-chain of elementary submodels of (H,, €, J,), each of size
w, such that © C My and {(Cs | § € I'), ((ua, Vo, pa) | @ € T), 0} € M.

Write D := {§ < k | Ms Nk = 6}. By the club-guessing feature of (Cs | § € I'), let us
pick g € I' with ¢(8) = v* such that sup{¢ € nacc(Cs) N D | gg(¢) =n} = g for all n < w.
In particular, 5 € D and ¢(8) < 5. We shall find o« € SN T with p(a) = ¢(5) such that
co(n™p) =Ln), cr(n”p) =, co(n”p) = B and c3(n~p) =" for all n € uq and p € vs.

Define h : [k]<* — p by stipulating

h(z) := sup{otp(Cs Na') | o/ < B are in z}.

For every § € I, write a5 := |J{Im(0) | 0 € us Uvs}, and x5 := as \ 9.
Put & :=sup(ag N B) + 1. As |ag| < cf(5), we have £ < . Let f: u— & be the <J)-least
surjection. By |ag| < p and regularity of the latter, let i/ < p be large enough so that

4This is the only application of the arithmetic hypothesis in the whole proof.
4



ag N B C f[i']. Write n* := l(pg), z := f[i'], € :== h(ag U 2), 7 := ¢(p), and
T:={0€l|asnNdCzhlasUz)=c¢€0(0) =T}

Pick a large enough ¢ € nacc(Cs)ND above max{¢, 7} such that gz(¢) = n*, and otp(CsN
() >e By & 1 e M, we have T' € M. Since § € T\ M, we have sup(T' N M) = ¢. So,
pick a large enough o € T'N M, such that o > max(Cs N (). In particular, p(a) = ¢(5).
Claim 2.3.1. (1) h(aqgUz) =¢;

(2) an N C z;
(3) x4 C (max(CsNC(),C). In particular, otp(Cs N ) > €, and
(4) d(a, 5) = £(ps)-
Proof. (1) and (2) are consequences of the fact that a is a member of T'.

(3) By a € M, we have x, € M, and then sup(z,) < ¢. By a € Im(n) for all n € u,, we
have min(z,) = a. Altogether, max(Cs N () < a = min(z,) < sup(z,) < ¢. In particular,
otp(Cs Na) = otp(C N () > €.

(4) By the previous clause, and the definition of d, we have d(«, ) = gs({) = n* =
U(ps).- O

To see that «, 8 are as desired, suppose that we are given 1 € u, and p € vg, and let us
show that co(0) = €(n), c1(0) = a, c2(0) = B and c3(0) = %, for o :=n"p.

By a € Im(n) and 3 € Im(p), there exist i < j < £(o) such that (i) = o and o(j) = f.
So (1, ]) witnesses that D, # (), and then by Claim 2.3.1(3), we have m, > otp(CsNa) > e.
Claim 2.3.2. If (i,j) € Py, then:

(1) {0(2),0(7)} £ (aa U 2), and {0(i),0(j)} £ (ag U 2);
2) If o(i) € aq, then o(j) € agNf;
)nEolj;
) .
)

(a,Uz) =€, by Claim 2.3.1(1).

Proof. (1) If {o(7),0(j)} Uz, then otp(Cu;y No(i))
) (ag U z) = €, by definition of e.

C aq
Likewise, if {U(') ( )} € ag U z, then otp(Cy(jy N o (1))
However, otp(Cy;y No (7)) = m, > €.

(2) Otherw1se {a( ),0(7)} C aq U (agNpB) C a, U z, contradicting the previous clause.

(3) By 0 = n™p, we have {c(i),0(j)} C Im(n) UIm(p) C a, Uag. So, by Clause (1),
together with i < j and 0 = n~p, we infer that o(i) € Im(n) and o(j) € Im(p). That is,
i <{(n) and j > £(n). In particular, (i) € a, and o(j) € as.

(4) By o(i) € aa,0(j) € ag, and Clause (2), we have o(j) > . Towards a contradiction,
suppose that 8 < o(j). Then by 0( ) € aq and « € § € D, we have o(i) < < o(j), and
hence otp(Cy;yNo (i) < otp(CoyNB). As (), 8 € ag, we then get that otp(Cr(jyNo(i)) <
h(ag) < €, contradicting the fact that otp(Coy N0 (i) = my > €.

(5) Othervvlse o(i) € apNa C zand {o(i),0(j)} C (2Uag), contradicting Clause (1). O

<h
<h

As 5 ¢ Im(pg), we get from the preceding claim, and the minimality of j,, that

ol (o+1)=n"ps"(B).
So B, =  and j, = {(n"pg). By Clause (5) of the preceding, a, € z,. Then, by Claim
2.3.1(3), we get that otp(Cs N a,) = otp(Cs N ). Recalling that min(z,) = o € Im(n),

Claims 2.3.2(5) and 2.3.1(3), then imply that a, = a.
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Altogether, by Claim 2.3.1(4):

o [ (jo —d(ao, B5)) = (n"p) | (L(n"ps) — Lpp)) = n;
Co U) = max_{O,.ja - d(am 50)} = 6(77);

U_a7

e o o o
=)
()
\_/\?/\_/
I
IS
|
S

O

Our goal now is to handle the other case: p strongly inaccessible (including p = Xg). For
this, we first need to state and prove a straight-forward generalization of a fact from [20].

Theorem 2.4 (Todorcevié¢, implicit in [20]). If u=* = u, then there exists a coloring d :
()2 — ut satisfying the following.

For every family A C P(ut) of size ut consisting of pairwise disjoint sets of some fized
order-type X < u, and every color v* < u*, there exist A" € [A* and b € A such that
sup(a) < min(b) and d(a(i),b(i)) =~* for alla € A" and i < x.

Proof. Let (eg : f — p | B < p) be a sequence of injections. Let (fo : pp — p | a < p™) be
a sequence of pairwise distinct functions. Write A(a, a) := oo, and A(q, ) := min{i < u |
fali) # fz(i)} for distinet o, f < p™. Put I' := E;f. Fix a surjection ¢ : ™ — u™ such that
[, :={0 €T | () =~} is stationary for every v < u*. Define a coloring ¢ : [u"]* — p*
by letting for all & < 8 < pt:

c(e, f) == min({d € [a, B) | Aa, §) = e5(d)} U{5}).

Finally, let d(a, 8) := ¥ (c(a, B)).

To see that d works, suppose that A, x and v* are as in the hypothesis. Let M be an
elementary submodel of (H,, €, <) for a large enough regular cardinal A, of size 1, such that
{A, (ea |a<p™), (fola<pt),~Fu}e M, and MNu*t €T-. Denote 6 := M Nput. Pick
b € A with min(b) > J. Our goal now is to find an A" € [AN M]* such that c(a(i),b(z)) = ¢
for all a € A" and 7 < y.

Put

o c:=sup{ey)(9) | 7 < x};
o t:=(fop [e]i<x).
By <#u € M and |“#u| = |M|, we have t € M, and hence the set
Av:i={ae Alt=(foi I €]i<x)}
belongs to M. Since b € A, \ M, we get that |A4;| = uT. Pick z € A, \ M. Put
o v 1= sup{A®(i), 2(0)) | i < X}
o s:=(foy [ (v +1) i <X);
o D:={d<d|3Fi<x(es(d) <)}

As ey is injective for all ¢ < x, |D| < p. Since x € A, \ M, we get by elementarity
that for every 7 < 0, there exists a € A; N M with min(a) > 7. Put A" :={a € A;NM |
min(a) > sup(D)}. By cf(0) = u, we have |A’'| = p. Finally, to see that c(a(i),b(i)) = ¢ for
all a € A and i < x, fix an arbitrary a € A’ and i < y. We have:

o t(i) = fou) | € by definition of ¢;

o t(i) = fau) | € since x € A, and then A(b(7), z(i)) > €
6



e 5(i) = fu) [ (v + 1) by definition of s;

o 5(i) = faw [ (v +1), since a € Aj, and then Aa(i), z(i)) > v;

o ¢ <A(b(i),z(i)) <v < A(a(i),z(7)), and hence € < A(a(i),b(i)) < v
o A(a(i), b(@) > € > ey;)(0), by definition of e.

It follows that if c(a(i), ( )) # 0, then there must exist some ¢ € [a(i),d) such that
Ala(i),b(i)) 2 (0"). But then, v > e,;)(0’), meaning that ¢’ € D, and contradicting the
fact that a(i) > mln( ) > sup(D). So, c¢(a(i),b(i)) = 6 and d(a(i),b(i)) = v*, as desired O

Lemma 2.5 (folklore). For every infinite cardinal p, there exists a function h : [u]*> — p
such that:

(1) h is locally small, that is, |[{a < B | h(a, B) < €}| < p for all (e,8) € p x put;

(2) h is transitive, that is, h(c,y) < max{h(a, B),h(B,7)} for alla < <~y < u™.

Proof. For every v < u*, fix a surjection ¢, : p — v. Put A} := 0 for all i < p. Now,
suppose that 7 < pt is an ordinal such that for all 6 < v and i < i, we have |A%| < |i| + Vo,
and {A% | i < p} is a chain converging to §. For all i < y, put:

Al = o, i) UUJ{AS |6 € oo i),

Clearly, |AL| < [i| +No, and {A? | i < p} is a chain converging to .
Then, define h : [uT]> — p by letting for all a < 8 < p™:

h(er, B) == min{i < p | a € Ag}.

As {a < B h(a, B) < e} = Aj for all € < p, the function & is locally small.

We now prove that h(a,v) < max{h(«, 3),h(5,7)} holds for all « < § < v < ut by
induction on vy < p*.

Suppose that v < p* and that transitivity holds for all v/ < 7. Let a < 8 < 7 be arbitrary.
Write i := max{h(a, 8), h(B,7)}. By 8 € A, there are two cases to consider:

» If 8 € ¢,[i], then by definition of A we have A’ C Aiy. So, by a € A,ti we have
a € Al and hence h(a,7) <.

» If 8 € A} for some § € ,[i], then h(3,6) < 4, and by the inductive hypothesis,
h(a, 0) < max{h(e, B),h(B,0)} <i. So, € A}, and hence o € A%. That is, h(a,v) <i. O

Theorem 2.6. If p<+ = u, then Pls(u™, u) holds in the following strong sense.
Letting k := p™, there exists a coloring ¢ : ~“k — w X K X K X K, such that for every

v* < K, and every sequence ((Uq, Vq, Po) | @ € T'), with

(1) T is an unbounded subset of k;

(2) uo and v, are nonempty elements of [<Yr|<H;

(3) a € Im(n) for alln € uy;

(4) pa™ () E p for all p € va,
there exist o < B in I' satisfying c(n™p) = (€(n), o, B,7*) for alln € u, and p € vg.

Proof. We commence with the construction of the coloring, and then verify that this works.

The coloring. Let (f, : p — 2 | a < u') be a sequence of pairwise distinct functions.
Write A(a, a) := oo, and A(a, ) := min{i < u | fa(i) # fs(i)} for distinct a, f < p™. Let
h: [T]? — p be transitive and locally small. For every nonconstant sequence o € <“r, let

o Dy :={(i,j) i <j<llo) &Vj" < j(;f(j*) <o(i)}



o Ay i=max{A(0(i),0(j)) | i < j <lo) & o(i) #o(j)};

e m, := max{h(o (z),a(j)) | (i,7) € D,}, provided that D, # 0.

o P,:={(i,j) € Dy | h(0(i),0(j)) = m,}, provided that D, # 0.

e j,:=min{j | F (z j) € P,}, provided that D, # (. Otherwise, let j, := 0.

By u~* = p, and [1], let us fix a sequence (g, : ““u*t — w | 7 < p) with the property that
for every u € [<“ut]<# and ¢ : u — w, one can find 7 < p with g =g, [ u

Let d : [k]> — K be given by Theorem 2.4. Let ¥ : k <> w X u X k be a bijection. We
derive functions dy : ““k — w, dy : <Yk — u, and dy : Yk — K, as follows.

Given a nonconstant sequence o € <“r, we find the least (say, in lexicographic order) pair
(,7) such that A(o(7),0(j)) = A,, and let dy(o) := n,di(0) = 7, and dy(0) := =, for the
unique (n, 7,v) such that ¥(d(c(i),o(j))) = (n,7,7).

Define ¢q : <“k — <“k by letting for every nonconstant o:

olor) = {8 [ U = dol)), Jo > do(o)

. )
otherwise

Define ¢; : <Yk — k for i € {1,2,3} by letting for every nonconstant o:

o ¢1(0) = 0(ga,(0)(co(0)), provided that gq, () (co(0)) < £(0). Otherwise, set ¢1(o) := 0;

o ¢3(0) = p(9a,(0)(p)), provided that o = co(0) " p, and ga,()(p) < €(p). Otherwise,
set co(0) 1= 0;

[} 03( ) = dQ(O').

We claim that o — (¢(co(0)), c1(0), ca(0), cs3(0)) works.

Verification. Suppose that I' is an unbounded subset of x, and ((un,Va,pa) | @ € T)
together with a prescribed color v* < k are given as in the statement of the theorem. We
shall find o« < 8 in I" such that co(n"p) =1, ci(n”p) = «a, ca(n"p) = S and c3(n"p) = 7*
for all n € u, and p € vg.

For every 0 € I, write a5 := (J{Im(o) | 0 € us Uvs}. By p~* = p and a standard

thinning-out procedure, we may assume the existence of y, x',¢,t, z,n*, 7" such that for all
oel:

) otp(as) = x, and as5(X') =
(b) sup(A*{as]? U h¥{as]?) =
) sty | (e+1) [1< %) =1
) d € T'} forms a A-system with root z; sup(z) < min(a, \ 2) < sup(as) <
min(as \ 2) for all @« < § in T
(e) n* =min{n | (ps™(d))(n) > sup(2)};
(f) o(gr+(0)) = ¢ for all o € us U v;.

Claim 2.6.1. There exist « < 8 in I' such that for all n € u, and p € vg:
(1) Dy~ # 0;
(2) my~p > €;
(3) do(n™p) =n*, di(n~p) = 7", and dy(n"p) = 7"

Proof. Put A :={as\ z|d € T'\ z}. By the choice of d, we now find A" € [A]* and b € A
such that sup(a) < min(b) and d(a(i),b(i)) = ¥~ (n*,7*,7*) for all a € A’ and i < otp(a).
Since [{a < S | h(a) < €}| < p for all 5 € b, and |b| < pu, let us pick a € A’ such that
min(hla x b]) > €
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Pick a, 8 € T" such that a = a, \ z and b = ag \ z. By Clause (d) above, we have a < 3
and a, Nag = z. Then, d(au (i), as(i)) = = (n*, 7*,v*) whenever otp(z) <i < y.

Suppose that 1 € u, and p € vz are given, and write o := n"p.

(1) Since a € Im(n) and S € Im(p), we infer the existence of a pair (i, ;') such that
i’ is the least to satisfy o(i') = «a, and j' is the least to satisfy o(j’) > sup(as). Then
(,5") € Dy N ((aa \ 2) X (ag \ 2)).

(2) By (7,7) € D, 1 (a0 \ 2) % (a5 \ )), we have

m, > h(o(i'),o(5")) > min(h[(as \ 2) X (ag \ z)]) = min(h[a X b]) > €.

(3) Note that since «, 3 are distinct elements of Im(o), we get that A, > A(«, 5). By
Clause (a) above, a = a,(x') and 5 = ag(x’), and so, by Clause (c) above, A(a, 5) > €. In
particular, A, > €. So, by Clause (b) above, we should restrict our attention to the set

T:=1{(,7) € x x x | Alaa(i), a5(7)) = Ao}

Let (¢, j) denote an arbitrary pair from Z. By € < A, < 0o, we have € < A(a,(i),az(j)) <
oo. By Clause (c) above, fo,) [ (€ +1) = t(j) = faz) | (€+ 1), and so if i # j, then
A(an(i),aq(j)) > €, contradicting Clause (b) above. It follows that if (i, j) € Z, then i = j.
Let (i,i) € T be arbitrary. By A(an(i),as(i)) = A, < oo, we get from Clause (d) above
that ¢ > otp(z), and then the choice of «, 3, entails that d(a.(i),as(i)) = Y~ (n*, 7%,7%).
Altogether, dy(0) = n*, di(0) = 7" and da(0) = 7*. O

Let «, 8 be given by the preceding claim. Suppose that we are given 1 € u, and p € vg,
and let us show that co(n™p) = n, c1(n™p) = a, and co(n"p) = 5. Indeed, the fact that
c3(n”p) equals v* already follows from the preceding claim. Write o :=n"p.

Claim 2.6.2. If (i,7) € P,, then:

(1) o(i) € aq \ 2z, and o(j) € ag \ z;
(2) j = L(n) and i < {(n).
(3) (4,4(n) +n*) € P,.

Proof. (1) By 0 =n"p, we have {o(i),0(j)} C Im(n) UIm(p) C a, U ag.

If {o(i),0(j)} C aq, then h(o(i),0(j)) < sup(h“as)?) < €. Likewise, if {o(),0(j)} C ag,
then h(o(i),0(j)) < sup(h“[ag]?) < e. However, h(o(i),0(j)) = m, > €. So, by i < j, we
get that o(i) € a, and o(j) € ag. Moreover, if o(j) € 2z, then {0(i),0(j)} C aq Uz = a,,
contradicting the fact that sup(h“[aq)?) < m,. So, o(j) € ag \ 2. Likewise, o(i) € a, \ 2.

(2) By 0(j) € ag \ 2z = ag \ an C ag \ Im(n), we infer that j > ¢(n). Likewise, o(i) €
ao \ 2 C a, \ Im(p) and i < £(n).

(3) Write j* := £(n) + n*. Then, i < {(n) < j*. By Clauses (e) and (d) above, we have
all(n) +n*] C a, Uz C o(5*). Consequently, (i,j*) € D,.

Towards a contradiction, suppose that k(o (i), o(j)) > h(o(i),o(5*)). In particular, o(j) #
o(j*).

» If 0(j) < o(j*), then by (i,7) € D,, it cannot be that j7* < j. Then, by the preceding
item, we have ¢(n) < j < j*. Consequently, there exists n < n* such that j = ¢(n) + n, and
a(j) = pp(n). By o(j) € ag \ z and Clause (d) above, o(j) > sup(z). So n contradicts the
minimality of n*.
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» If 0(j*) < o(j), then by (o(i),0(j*)) € an X (ag \ 2z) and Clause (d) above, we have
o(i) < o(5*) < o(j). By transitivity of h, then,

(o (i), 0(7)) < max{h(o(i),o(5%)), h(o(5%),0(5))}-
As we assume that h(o(i),o(j)) > h(o(i),o(j*)), we must conclude that h(o(i),o(j)) <
h(o(5*),0(5)) < sup(h“[as]?) < € < m,, contradicting the fact that (i,7) € P,. O
By Claim 2.6.2, Clauses (1) and (2), 0(j,) > sup(z) and j, > ¢(n). Then, by minimality
of n* and Claim 2.6.2(3), we have j, = ¢(n) + n*. So, by Claim 2.6.1(3):

co(0) =0 | (jo —do(0)) = (" p) T (L(n) +n") —n") = 1.
Finally, ¢i(0) = 0(ga,(0)(co(0)) = (1™ p)(g-+(1n)) = @, by Claim 2.6.1(3) and Clause (f)
above. Likewise, ca(0) = p((ga,(0)(p)) = B- O

Note that the above ¢ is in particular a witness to Pls(u™, ut, ), where:

Definition 2.7. P/ls(k, 0, x) asserts the existence of a coloring ¢ : <Yk — w X kK X K X 0,
satisfying the following. For every club F in k, every regressive map ¢ : £ — 6, and every
sequence ((Uq, Vo, pa) | @ € E), that satisfies

(1) u, and v, are nonempty elements of [<“x]<X;

(2) a € Im(n) for all n € ug;

(3) pa"{a) C p for all p € v,,
there exist o < f in E with p(a) = ¢(8) such that c¢(n™p) = (£(n), o, B, () for all n € u,
and p € vg.

Why is this useful? As the construction of ¢ anyway assumed p<* = u, we have in this
case [1] a sequence (g; : <“u*™ — p | i < p) such that for every x € [<“ut|<* and g : x — p,
one can find i < p with g C g;. So, we can encode into () the value ¢ for which g; [ ugUwvg
is as desired. As ¢(«) = ¢(f), this would, in addition, entail that ¢; [ u, U v, is as desired.
On top of that, we can use 3 to stretch the function g; into a function gf with range w x .
So, yielding ¢”(n) = (£(n),~*) is simply a special case.

Now, a second look at the arguments of Theorem 2.3 makes it clear that Plg(u™, w, i)
holds for every regular accessible u. Altogether:

Corollary 2.8. Plg(ut,w, p) holds for every reqular cardinal .
Remark. For an application of Pls(u™, w, 1), see [9].

Note that the arguments of Theorem 2.3 can be used to obtain additional results. For
instance, Plg(\, 0, cf()\)) holds for every prevalent singular cardinal A\, and § < \.° Likewise,
Pls(k, 0, x) holds for every strongly inaccessible cardinal x, and every 6, x < k.

3. THE COLORING PRINCIPLE Pr;

In this section, Pr; colorings are derived from P/g. Following the advice of one of the
referees, we say a few words about the involved ingredients.

Suppose that 6 is a regular uncountable cardinal. For every pair of ordinals @ < (8
below 6, one attaches a finite subset T'(«, 5) of the interval [a, 8]. Specifically, T'(«, 8) is
the upper trace of the walk from [ down to «. Given a nonreflecting subset I' of 8, one

The notion of a prevalent cardinal was coined in [7].
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can define the upper trace in such a way that for every unbounded subset A of 6, the set
L'\ U{T(,B) | (a, B) € [AJ*} will be nonstationary. In particular, if ' is stationary, and
¥ I' — 60 is a partition of I' into # many stationary set, then for every unbounded subset
A of 0, and every desired color 7* < 6, there exists « < f in A and € € T(«, ) such that
U(e) =77

This suggests that a strong coloring ¢ : [#]*> — 6 may be obtained by letting c(a, 3) =
Y(€(a, B)) where €(a, B) is a cleverly chosen element of T'(a, ). Since T'(a, ) is a fi-
nite set, any choice function € in [, ;.4 7T(c, 8) may be identified with a function o in
Ha<ﬁ<9 |T (v, B)|. So, in summary, our challenge in this setup, is to come up with a useful
oscillation function of the form o : [#]> — w. In [20], where the method of walks on ordinals
was introduced, Todorcevié¢ obtained strong colorings by appealing to the so-called oscilla-
tion of the upper trace. In a recent paper [10], Todor¢evi¢ and the author obtained strong
colorings by appealing to the so-called oscillation of the lower trace. In many of Shelah’s
paper that were mentioned in the introduction, strong colorings are obtained by exhibiting
very complicated oscillation functions. In this paper, an oscillation function will be derived
from P/l by feeding it with a projected version of the upper trace.

Theorem 3.1. Suppose that Pls(k, x) holds with x < k. Suppose that 0 > Kk is a reqular
cardinal, and there exists a nonreflecting stationary subset of ng. Then Pr1(0,0,0,x) holds.

Proof. Compared to previous works by Shelah [17, §4],[18, §1] and Todorcevié¢ [21, §8], the
new feature here is the ability to take advantage of a (k, x)-oscillation oracle, even when the
nonreflection concentrates at points of cofinality < k.

The coloring. Let I' C EY  be stationary and nonreflecting. Let (C,, | o < 8) be a sequence
such that C,,; = {a} for every a < 6, and such that for every limit a < 0, C, is a club in
a with I'Nace(C,) = 0. Fix a surjection h : 6 —  such that H; := {a € T' | h(a) = i} is
stationary for all ¢+ < k. For all o < 8 < 6, define:

e Tr(a, 5) € “0, by recursively letting for all n < w:

B, n =20
Tr(a, B)(n) == { min(Cry(apm-1) \ @), n>0& Tr(a,B)(n—1) > «
Q, otherwise

o p*(a, B) := min{n < w | Tr(a, B)(n) = a};°

o try(a, B) := (M(Tr(e, B)(i)) | i < p*(a, B));

o \a, ) := max{sup(Cry,pm Na) | i < p*(a, B)}.
We remind the reader of two fundamental facts:

Claim 3.1.1. Ifd €T and § < 5 < 6, then \(6,5) < 4.

Proof. 1f & > X(4, 3), then by definition, there exists i < p?(d, 8) such that sup(Cry(s gyN0) =
0. In particular, there exists an ordinal a with 6 < a < f such that sup(C, Nd) = 4§,
contradicting the fact that acc(C,) NT = 0 for every a < 6. O

6The standard notation here is p2(c, B). This time, we decided to use the notation p? to avoid confusion
with the p;’s that are given by the definition of P/g.
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Claim 3.1.2. If M(8,7) < a < <~y <40, then
tl"h(%’Y) = trh(ﬁ/‘)/)ﬂtrh<&a 6)

Proof. Clearly, Tr(a,v)(0) = v = Tr(8,7)(0). Next, if i < p*(3,v) and Tr(a,7)(i) =
Tr(B,7)(@), then by 8 > a > A(B,7) > sup(Cmn(sH)6) N B), we get that

min(Chr, ()@ \ @) = min(Cir,(57)() \ @) = min(Cir, (5.0 \ B),

and hence Tr(a, v)(i+1) = Tr(8,7)(i+1). So Tr(B,7) | p*(B3,7) E Tr(a, ), and Tr(a, v)(p*(53,7)) =
B, let alone try (o, y) = trp(8,7) " tru(a, 5). O

Let d witness Pls(r, x). Fix a surjection ¢ : § — 6 such that I', := {0 € ' | ¢(0) = v} is
stationary for every v < 6. Define c : [0]* — 6 by stipulating

c(a, B) := P(Tr(a, B)(d(tru(a, 5)))).

Let us describe the definition of ¢ in simple words: we first walk from 5 down to «,
producing some sequence o in <“f. We then project it down using h to a sequence & in <“k.
We feed 7 to d, and get some natural number n. By definition of P/s, we should think of
n as a number < (). As n < £(5) = p*(a, B), it then makes sense to look at the n,-step
of the walk from 3 down to « and ask about the color it was assigned by . Indeed, this is
what ¢ does.

Verification. Suppose that A C [#]<X of size 0, consists of pairwise disjoint sets, and v* < 6
is a prescribed color. Let (zs | § < #) be an injective enumeration of some subfamily of A,
such that § < min(zs) for all § < #. Define a function g : I' — 6 by letting

9(0) == sup{A(d, ) | B € ws}.
By Claim 3.1.1 and |z;5| < cf(9) for all § € I, g is regressive, so for all i < &, let us pick a
stationary subset ¥; C H; such that g | X; is constant.
Put D = {6 <0 |Va <d(sup(z,) <9d)}. Denote A; := H; N D, and fix e € I'N
<. acc(A;) above ¢ := sup(g(UJ,,, ¥i]) such that ¢(e) = v*. For all i <k, let
Bi :=min(X; \ e+ 1).
» If cf(e) > K, let ¢ : kK — {0} be the constant function.
Then, for each j < k, by € € I' Nacct(A;) and Claim 3.1.1, pick 6; € A; such that
o ¢ >¢; > max {sup{A(¢,3) | B € x5, < j},(}, and put
o a; := max{sup{A(e, ) | B € xa,i < j},(, A(dj,€)} + 1.
» If x < cf(e) < &, let (¢, | t < cf(e)) be an increasing sequence of ordinals converging to
e. Define ¢ : k — cf(€) by stipulating
(i) == min{e < cf(e) | sup{A(e, B) | B € 5,} <e.}.
Then, for each j < k, by € € acc™(4,), pick J; € A; such that
® ¢ > 0; > max {ew(j), C}, and put
o o :=max{e,(j),(, A(d;,€)} + 1.
Write a; := 4, and b; := zg,.

Claim 3.1.3. For every i < j < K and every a € a;, 3 € b;, we have:
(a) trh(ﬁ, 6) = trh(ﬁia /6)/\ trh(ﬁ, 62);

(b) tru(a, €) = trn(d;, )~ tru(a, 0;);
12



(c) trn(a, B) = try(e, B) 7 tru(a, €), provided that o(i) = p(j).

Proof. All clauses follow from Claim 3.1.2 and the following particular considerations.

(a) By 8 € b; = xg,, we have > f5; > € > ( > g(8;) > A(B;, B).

(b) By d; € I and Claim 3.1.1, the definition of «; makes it clear that ¢; > a; > A(d;, €).
By6jED,Wehave5j>sup(xa) So, byaEaJ—xa,wegete>5 >oz>oz]>)\(5j, €).

(c) If cf(e) > k, then we have a; > sup{A(e,3) | 8’ € zg,,7" < j}. And so by i < j,
B €b; =g and a € aj = T, we have 3 > ;> € > 6; > a > a; > Me, ).

If cf(e) < K, then by @(i) = ¢(j), we get a; > €,(;) = €p() > sSUp{A(e, 5') | ' € x,}. And
so by 8 € b; = x5, and a € a; = x,,, we have > 3; > € > §; > a > a; > A€, ). O

For every i < k, set u; := {trn(¢, 8) | 5 € b;} and v; := {trp(a,€) | @ € a;}.

Claim 3.1.4. For every i < k:
(1) i € Im(n) for all n € u;;
(2) there exists p; € <“k such that p;~ (i) C p for all p € v;.

Proof. (1) By Claim 3.1.3(a), and the fact that g; € 3; C H;.
(2) By Claim 3.1.3(b) and ¢; € A; C H;, we have try,(d;, €)™ (i) C p for all p € v;. O

By the choice of d, then, there exist i < j < k with (i) = ¢(j) such that d(n~p) = {(n)
for all n € u; and p € v;. To see that c[a; x b;] = {7*}, fix an arbitrary o € a; and 5 € b;.
Write 1 := try (€, 8) and p := try (o, €). Then:

e try(a, ) =n"p, by Claim 3.1.3(c);
i d(tl‘h<04,6)) = g(n) = £<trh<€7ﬁ>> = p ( ﬁ)
o Tr(a, B)(d(tru(a, B))) = Tr(a, B)(p*(¢, B)) = €, by Claim 3.1.3(c).
So, ¢(a, B) = Y(Tr(a, B)(d(trn(a, B)))) = (e) = v*, as desired. O

Corollary 3.2. If A = cf(\) > kT, and Egﬁ admits a nonreflecting stationary set, then
Pri(A A\ A, x) holds for every regular cardinal x < k.

Proof. Suppose that x < k is regular. Then, by Theorem 2.2, Plg(x ", x) holds. As A > x™,

and F2 , admits a nonreflecting stationary set, we get Pri(A, A, A, x) as a consequence of
Theorem 3.1. O
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